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Abstract
This paper represented a reasonable method of data transformation in economic ﬁeld based on inverted cycloidal kinetic model.
We ﬁrst apply the inverted cycloidal kinetic model to the data transformation in time series and then linearize the nonlinear data.
This method fully considers the most deceleration characteristics and the isochronism of inverted cycloid and the equivalent
substitution mechanism of transiting the non-linear curve into a linear one, which is a useful innovation compared with the
traditional data transformation method. Finally, the ARIMA-GARCH model is established using the linearized data. The
method shows that the time series analysis results are more accurate based on this kind of data processing in comparison with
the traditional one.
c© 2015 The Authors. Published by Elsevier B.V.
Selection and/or peer-review under responsibility of ITQM2015.
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1. Introduction
Recently, many real world problems are associated with massive of data. Therefore, the word ”big data” has
become popular nowadays. There has been increasing interest in the study and application of big data. To make
various data more available, data preprocessing is known as a necessarily important step of data preprocess in big
data mining.
A. Famili’s[1] stated in a paper that there were two reasons for performing data preprocessing: problems with
data and preparation for data analysis. Statisticians have established a series of data transformation theories since
the 1960s. In order to make data consistent with the assumption that they follow Gaussian distribution, Johnson
[2] proposed a conversion method. By determining the distribution family that non-normal samples belong to,
he transformed them into data in normal distribution. Box and Cox [3] created the classic data transformation
method in 1964 based on power transformation, modifying the discontinuity of λ in Tukey’s [4] work. Box-cox
transformation has laid a solid foundation for the capability analysis of non-normal process. Then, Somerbille
and Montgomery [5] stated the speciﬁc theory of the square root transformation method. In order to solve the
problem of data missing, or sometimes to increase data points for the sake of analyzing data better, we usually
use the interpolation method to complement data. We also do data transformation to smooth them, eliminate
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heteroscedasticity and reduce the magnitude of data. For the sake of removing the trend term, seasonal term and
cyclical term in sequences, we often diﬀerence them until they are stable. Using the diﬀerence method, Box and
Jenkins [6] put forward the famous forecast method of ﬁnancial series — ARIMA model.
Data transformation methods created by predecessors are mostly from a statistical point of view, which deal
with abnormal conditions of sequences. However, limited mathematical or statistical theories cannot perfectly
explain data’s essential features. In recent years, the interdisciplinary combination of complex systems has become
a hot issue. Meanwhile some theory in physics also plays an increasingly important part in economic and ﬁnancial
areas. In this paper, we create a new data preprocess method based on the kinetic mechanism of inverted cycloid
(a cycloid rotated through 180◦) in economic ﬁeld, aiming at interpreting the nature of economic indicators and
transforming data properly. The main contribution of this paper is that we ﬁrst combine the economic indicators
with physics in data preprocessing ﬁeld. Also, we would like to make the indicators more meaningful by the
inverted cycloid model. The rest of the paper is organized as follows. Section 2 introduces kinetic characteristics
of inverted cycloid system and corresponding economic signiﬁcance; Section 3 brieﬂy outlines the derivation
process of calculation and forecast formula; Section 4 discusses empirical results; and Section 5 concludes this
paper.
2. Method
A cycloid is the curve traced by a point on the rim of a circular wheel as the wheel rolls along a straight
line without slippage[7]. We try to characterize economic laws and build the time series model that starts at
the same point using the most deceleration characteristics and the isochronism of the inverted cycloid. Then,
according to the equivalent substitution mechanism of linearizing the non-linear curve, we decompose the complex
nonlinear motion; calculate the unidirectional linear motion and ﬁnally we reduce the above motion to curvilinear
motion on the basis of mechanical laws. Last but not least, we apply this kinetic transformation method into data
preprocessing.
2.1. The Corresponding Relation Between the Most Deceleration characteristics and Price Realization
In the 17th century, Bernoulli and Newton proved that the inverted cycloid is the solution to the brachistochrone
problem (i.e., it is the curve of fastest descent under gravity)[7]. The descendent paths by straight line, circular
arc and inverted cycloid are shown in Figure 1.
the cycloidal arc path
the circular arc path
the linear path
particle
Fig. 1. The brachistochrone problem
Amore general statement of the brachistochrone problem is ”the principle of least action” proposed by Fermat,
who is a French mathematician in the seventeenth century. He stated that nature always takes eﬀect through the
shortest way. In the eighteenth century, Maupertuis[8][9] discussed the principle of least action from the viewpoint
of economics and claimed that the principle of least cost is corresponding to the least action principle. That is to
say, economic resources tend to be the most economical and have the highest eﬃciency.
The resemblance of the two principles is explained as follows. When a particle falls down, the kinetic energy
and potential energy can be regarded as input and output respectively. Then the time integral of kinetic energy and
potential energy can be seen as the beneﬁt and cost during a speciﬁc time separately. In the choice of holding cash
or stock, when facing good news such as interest reduction, the currency (energy) ﬂows into the stock market. If
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the change of price is very slow, then the opportunity cost of holding cash is high and the eﬃciency of resource
allocation is very low. Only when the price changes rapidly can we reduce the opportunity cost of holding cash
and optimize capital allocation.
Based on the above principles, we suppose the process of price realization tends to reﬂect the most deceleration
characteristics and follows the path like inverted cycloid in the two-dimensional plane. Every data point per minute
is corresponding to one location of the cycloid and the overcome of price changing process can be regarded to
the formation process of data point per day, per week and etc. The traditional p − t scatter diagram presents
the outcome of the price realization process, while our two-dimensional y − x diagram indicates the path of the
price realization process. There is no time axis in the cycloid path, instead the description order reﬂects the time
dimension and that is the subscript of OP1,OP2, · · · ,OPn.
2.2. The Corresponding Relation Between Isochronism and Equal Intervals of Indicators
The parameter equation of cycloid is given by:ß
x = r(θ − sin θ)
y = r(1 − cos θ) (0 ≤ θ ≤ 2π). (1)
We turnover the cycloid and make a mirror image by the bottom-line, then we getß
x = r(θ − sin θ)
y = r(−1 + cos θ) (0 ≤ θ ≤ 2π). (2)
This can be seen in Figure 2.
Fig. 2. The ischronism of the inverted cycloid
Supposing that there is a particle sliding down along the inverted cycloid from any point θ0 under gravity.
When the particle gets to point θ, its gravitational potential energy changes into kinetic energy in accordance with
mechanical energy conversion law. Therefore, the instantaneous velocity of this particle could be expressed as
v(θ) =
√
2gr(cos θ0 − cos θ), (3)
and the diﬀerential of the arc length is
ds =
»
(dx)2 + (dy)2 = 2r sin θ2dθ. (4)
Then, when θ is equal to π(i.e. the particle reaches the lowest point), the time passed by is shown in the
following equation:
t =
∫ π
θ0
2r sin θ2 dθ√
2rg(cos θ0−cos θ)
= π
»
r
g . (5)
From this equation we can see that the time required for the particle to reach the lowest point has nothing to
do with the location of the starting point, so called isochronism.
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In the ﬁeld of economics, indicators are collected by the minute, day, week, month, quarter or year. As a result,
their time intervals are the same, which is corresponding to the equal time that takes when particle P1, P2, · · · , Pn
reach the lowest point, showing in Figure 3. We get kinetic price O¯P1, O¯P2, · · · , O¯Pn by depicting the price
p1, p2, · · · , pn during every period from point O along arc OˆP into the inverted cycloid. To put it in another
way, the realization of price can be seen as the path that a particle goes up along the inverted cycloid given an
initial horizontal velocity. The length of this path is only related to the initial velocity. On the basis of the theory
explained above, we build the time series model starting from the lowest point.
Fig. 3. To build the time series model starting from one point
2.3. The Corresponding Relation Between Decomposition and Kinetic Transformation
Let the radius of circle M be a quarter in ﬁgure 4, then we get the parameter equation of the standardized
inverted cycloid: ß
x = 14 (θ + sin θ)
y = 14 (1 − cos θ)
(−π ≤ θ ≤ π). (6)
By integrating θ, the length of arc OˆP is equal to sin θ2 .
Fig. 4. Unidirect motion decomposition of inverted cycloid
In the formation of the inverted cycloidal trajectory, the motion of a ﬁxed point on the circle can be decomposed
into a horizontal translational motion along with the center point M and rotations around the center point M[10].
After time t, the relationship between the angle that the ﬁxed point on the circle turned and the angular velocity
is θ = ωt, then we get OˆP = sin θ2 = sin
ωt
2 . According to Newton’s second law F = mω
2r, the power F can be
obtained with a linear additivity, which is consistent with the positive homogeneity. Speciﬁc kinetic conversion
formula is derived in the next section.
2.4. The Necessity of Kinetic transformation
Firstly, the most deceleration chatacteristics and isochronism in physics are corresponding to economic laws,
which is a signiﬁcant method of data transformation in the ﬁeld of economics.
In addition, the traditional statistical tools cannot explain the essence of indicators. For example, like Box-Cox
transformation, arcsine-square transformation could only transform data’s distribution. To put it in another way,
mathematics mainly answers the question that how to do it, but physical tools try to explain it in a more reasonable
way which accord with economic signiﬁcance better.
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Finally, in a more practical perspective, time series starting from one point is nonlinear two-dimensional anal-
ysis, while traditional time series analysis such as ARMA process is one-dimensional linear analysis. However,
Mandelbrot[11] proposed that the fractional Brownian motion and fractional diﬀerential noise is the application
of fractal dimension theory in time series. And the stock market that could be seen as the main object of ARMA
study is a nonlinear system. Therefore, the nonlinear arcsine square transformation based on inverted cycloid is
reasonable.
3. Formula Derivation
3.1. Calculation Formula
1) Normalize time series {pn} using the formula x′ = xxmax into normalized series {p′n}. Depict them into the
inverted cycloid following by the arc O¯Pn = p′n to obtain kinetic price series {˘OPn}.
2) According to the formula OˆP = sin θ2 , we transform O¯Pn into corresponding angular series θn (i.e.θn =
2 arcsin(p′n)).
3) Furthermore, we can get F = mω2r = m( θt )
2r = m( 2 arcsin(p
′)
t )
2r. Let m = 1, t = 1 and r = 14 , there is
Fn = (arcsin(p′n))2.
4) Build a ﬁtting model and forecast values.
3.2. Forecast Formula
The forecast is constructed in the following way:
We begin by deﬁning Fi as the transformed value of ith price, h as the forecast origin and Fh as the collection
of information that can be obtained. For your convenience, normalized series {p′h} is expressed as series {ph}.
Then the 1-step forecast of ph+1 is:
pˆ(h + 1) = E[ph+1|Fh] = sin(
√
Fh+1),
and the forecast error could be expressed as:
eh(1) = ph+1 − pˆh(1).
The 2-step forecast of ph+2 is:
pˆ(h + 2) = E[ph+2|Fh] = sin(
√
Fh+2),
and the forecast error could be expressed as:
eh(2) = ph+2 − pˆh(2).
Thus, the multi-step forecast values could be recursively calculated. The l-step forecast value of ph+l is:
pˆ(h + l) = E[ph+l|Fh] = sin
Ä√
Fh+l
ä
,
and the corresponding forecast error could be expressed as:
eh(l) = ph+l − pˆh(l).
4. Empirical Research
4.1. Data Selection and Processing
In this paper, we select the closing stock prices {pn} of IBM company per trading day (January 4, 2010 to
October 8, 2014) to do the empirical research. The total number of the data is 1200, and we select the ﬁrst 1100
data as a training set of samples, the post 100 samples as a validation set. The data are derived from Yahoo Finance
and we use Eviews7.2 to build proper models.
Since the semi-arc-length of the standardized inverted cycloid is 1, we ﬁrst normalize the data to get the series
{p′n}. Then, we get the transformed data {Fn} using the formula Fn = (arcsin(p′n))2.
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4.2. Stationary Test
To test the stationary of the transformed series Fn and the standardized series p′n, we use ADF unit root test
with intercept term and trend term for series Fn and p′n.
Table 1. Stationary test results for series Fn and p′n
ADF test t statistical value 1% critical value 5% critical value 10% critical value p value
Fn -3.215843 -3.966419 -3.413907 -3.129037 0.0818
p′n -1.990555 -3.966419 -3.413907 -3.129037 0.6053
From table 1 we can see that the p-values of ADF test of the two series are not signiﬁcant at 5% signiﬁcant
level. Therefore, we should accept the null hypothesis (the sequences are not stationary).
We do ﬁrst order diﬀerence to series Fn and series p′n respectively to make them stable. To inspect the eﬀect
of the diﬀerence, we again test the ﬁrst diﬀerence data using the same method, whose results are shown in table
2. It can be seen that the two ﬁrst-order diﬀerence sequences have been stable.
Table 2. Stationary test results for series dFn and dp′n
ADF test t statistical value 1% critical value 5% critical value 10% critical value p value
dFn -35.68324 -2.566894 -1.941088 -1.616521 0.0000
dp′n -32.66072 -2.56707 -1.941112 -1.616505 0.0000
4.3. Order Selection and Parameter Estimation
In order to establish appropriate ARMA (p, q) models, we need to set the order of p and q ﬁrst. According to
the principles proposed by Box and Jenkins, we should observe their ADF values and PADF values, match their
actual behavior with their theoretical behavior and select the best combinations of (p,q). For series dFn and dp′n,
this paper both chooses ARMA(5,5) model separately[12]. Table 3 represents some output parameters for series
dFn.
Table 3. ARMA ﬁtting model results for series dFn
Variable Coeﬃcient Standard Deviation t statistical value p value
AR(3) 0.377615 0.014837 25.45134 0.0000
AR(5) -0.624977 0.014551 -42.95173 0.0000
MA(3) -0.440642 0.009304 -47.35802 0.0000
MA(5) 0.601804 0.008983 66.99241 0.0000
4.4. Adaptability Test
After the parameter estimation, it’s supposed to test the adaptability of the ﬁtting model, the essence of which
is to test the white noise of the residuals. If the residuals are not white noise, then there is still some important
information not been extracted and we should reset the model. Table 4 tells us that F statistics and chi-square p
values are signiﬁcantly greater than 5%, indicating that there is no autocorrelation in the residuals.
Table 4. L-M test results
F statistical value 0.787299 Prob. F(2, 1185) 0.4553
chi-squar value 1.247646 Prob. Chi-Square(2) 0.5359
Then, we do ARCH LM test to the two ARIMA models, and we can ﬁnd that for series Fn, the F statistics
and chi-square p values are smaller than 5%, thus a ARIMA-GARCH model need to be built. However, for series
p′n, the F statistics and chi-square p values are greater than 5% and we can ensure the adaptability of the ARIMA
model.
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